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| ndex

* Brief introduction to Exterior Calculus

* Exterior Calculusin physics, fluid mechanics

* A shallow water model on the sphere, using code and ideas from ICON prototype

* Exterior calculus applied to space discretization of the shallow water model on the sphere

e Some words about compressible atmospheric modelization
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Some Exterior Calculus references

* R. Abraham, J. Marsden, T. Ratiu, 1983: Manifolds, tensor analysis, and applications

* A. Hirani, 2003: Discrete Exterior Calculus
* F. L. Teixeira.,, 2001: Geometric aspects of the ssimplicial discretization of Maxwell's equations

* H. Flanders, 1963: Differential forms with applications to the physical sciences
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Why Exterior Calculus?

* Most important Exterior Calculus objects are antisymmetric tensors fields or forms

* Forms are very suitable for integration, there is a generalization of the Stoke's Theorem
* |t generalizes the gradient, curl and divergence operators of Vector Calculus

* Many theories of physics can be expressed in the Exterior Calculus nomenclature

* |t has connections to other mathematical theories (vector calculus, integration, topology)
* In fluid dynamics vorticity theorems are ssmply expressed

* |ntegration operator provides a straightforward way to discretize differential forms

* Exterior derivative is atopological operator and is exactly discretized

* Conservative schemes can be constructed more or less straightforward

* The schemes presented here are near Finite Volume Method

* |s Exterior Calculusjust a different language for the same discretization procedures?
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Exterior Calculus objects

* Differential forms are antisymmetric tensors defined in a differentiable manifold

* A form can be integrated in a submanifold if its dimension is equal to the rank of the
differential form. The boundary and exterior derivative operators are combined in the Stoke's

classical theorems

waIR fdefw (2,dw)=(002,w)

Q Q 0.
integral maps forms exterior derivative boundary exterior derivative and boundary are adjoint
and manifolds into real like operators respect to integration

numbers

* Antisymmetry isimportant: for instance, in integration theory there is the jacobian
determinant, in vector calculus the cross product and curl of avector field.
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Forms
* Let be M amanifold and {x'} is a coordinate system. A basis of the tangent space and its dual are
le,,..., e l=ldx', ... dx"} (e',....e"}={0,,...,0.]

* A p-form defined in amanifold is an antisymmetric tensor: at each point of the manifold it is

defined a skew symmetric p-linear map form the tangent space to real numbers

x(m): T, MX...XT, M—R

* A function defined on amanifold isa O-form. The most simple 1-form isthe differential of a

function, that is

dfza—fl.dxi
0Xx

* The alternation operator produces antisymmetric tensors, using the permutation group
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Forms and wedge product

* The wedge product or exterior product can be used to generate forms of higher rank. The wedge

product is defined using alternation and tensor product operators. If o and B are forms of rank aand

b respectively then
/
AB= (C;TlljZ' A (X B) where X B is the tensor product

* Example: if o and 3 are 1-forms
X AB(Vy,vy)=a(v,)-B(vy)—a(v,)-B(v,)

* The wedge product is associative, bilinear and anticommutative
xAB=(—1)""BA«

* Coordinate representation of ap-formis
X =, wip-dxil/\.../\dxif’ where i, <...<i,

iy,.
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Forms and contraction or inner product
* If aisap-form and v avector field, the inner product of v and o is the (p-1)-form defined by

i a(vz,...,vp):a(v,vz,...,vp)

* [t islinear and has the following product rule like property, for o being a p-form

i, (anB)=(i,c)AB+(=1)"axN(i,B)
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Forms and exterior derivative ()

* Exterior derivative of ap-formisa (p+1)-form determined by the following properties
(i) The exterior derivative of a O-form or afunction isthe differential
(if) The exterior derivativeislinear
(ii1) Satisfies the product rule
d(axnB)=(da)AB+(—1)"an(dp)
(iv) It isalocal operator and applied twice gives zero
d’=0
* Thislast property isrelated to vector calculus identities

VxV £=0 V-Vxv=0
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Forms and exterior derivative (11)

* The coordinate expression for the exterior derivative is

x=co; -dx"A...Adx" where i;<...<i

e A formisclosed if its exterior derivative is zero. A formisexact if it isthe exterior derivative of
other form. A exact form is closed. Poincaré Lemma stands that a closed form islocally exact

if dx=0 then x=d B on a neighbourhood of each point
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Vector Calculus (1)

* Following examples are in 3 dimensional euclidean space and standard coordinates

 Sharp and flat operators maps from vector fieldsto 1-forms. Flat maps from vector fieldsto 1-

forms and sharp do the inverse. In this case are smple because metric is the identity
vi=vidx' +vidx*+ v dx’ #v=2"=v,04v,0 .4+Vv;0,

* Hodge operator maps form p-formsto (n-p)-forms, where n is the dimension of the space (3in
this case) and p is an integer value from O to n

x 1=dx Adx*Adx®
* dx' =dx*Adx’ s dx’=dx> A dx' x dx>=dx' Adx’
e For 3 dimensions

k=1
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Vector Calculus (11)

* Cross product and dot product
uxv=[*(u"Av"]" u-v=>x(u"A*(v")
* Gradient, curl and divergence (f function, u vector field)
Vri=drsy
Vxu=(xdu")

Vu=xdx*(u’)
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Generalized Stoke's Theorem

* |In Exterior Calculus the Stoke's Theorem is a generalization of classical theorems

[dw=[ w

0 T

Fundamenta Theorem of Calculus Green's Theorem

[ 7 (x)dx=f(b)- f(a) ffg(gg—gi)dxdyzfm(deJery)
Divergence Theorem Classical Stoke's Theorem

J[[ V-Fav=][ F-aa [ [ VxFaa=[ _ FdL

* |n each case there isadomain and its boundary, and afunction and its derivative. A relation is
established using the integration operator. The concept of orientation isimportant.

13/50



Lie derivative

* There are dynamical and algebraic definitions of the Lie derivative, and both are equivalents.

For fluid dynamics, could be the dynamical approach is more intuitive. Let be u a vector field

with flow ¢, and a aform, then

Luazltlfg T[CPI a—“]zz[% oy g

* Here the pull back operator ¢" is used to map vectors from the tangent space of one point to

other upwind point (respect to vector field u). This map is different from the parallel transport
related to covariant derivatives. Lie derivative and covariant derivatives are not equivalent at

al. Lie derivative is metric free.
* Liederivatives of functions are directional derivatives (equivalent to covariant for O-forms)

iaf
L f=u——
2 ox'
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Lie derivative and Jacobi-Lie bracket

* The commutator of Lie derivative of functions determines a vector field uniquely
[LuLv_LvLu]f:[u) V]f

* The vector field is the Jacobi-Lie bracket [u,v] which is skew and verifies Jacobi identity

ov i ou’
u,v|=(u - — -) 0
| =t ox' ax’) *
[u,V]:_[v,u]

* The Lie derivative of avector field v along the vector field u is

L,v=|u,v|
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* |t ispossible to extent Lie derivatives to other tensors, in particular to forms. Thisisthe

algebraic approach. For example, in coordinates the Lie derivative of al-form o is

0 . I )
L o=(u O(].—(xl.au.)dx]
ox' 0 x’

Lie derivative properties

* Lie derivative has many interesting properties. It commutes with exterior derivative
dL, =L, d«x
L,,x=fL,ax+d fAi,c
Ly, yo=L,L ax—L,L,

Iy =L, 1,0—1,L &
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Cartan's magic formula

e For differential formsthe Lie derivativeis

L=doi +iod

Other operators

 Codifferential, from Hodge and exterior derivative

O=* odo *
* |_aplace operator

A=6d+do
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Exterior Calculusin physics

* Some physics theories can be expressed in exterior calculus formulation, like el ectrodynamics
and fluid dynamics. Thisformulation is coordinate free. The operators can be grouped in
topological operators (exterior derivative, exterior product, contraction) and metric dependent

operators (Hodge, sharp, flat)
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Electromagnetism

* Maxwell eguations in differential form. There are studies for the discretization of Maxwell
equations using Exterior Calculus theory. Gradient, curl and divergence are exterior derivatives

Tolopogical equations

dE=-0,B VXE=-0,B Faraday's L aw of induction
dH=0,D+J VXH=0,D+J Ampeére's Circuital Law

d B=0 V-B=0 Gauss's Law for magnetism
dD=p V-D=p Gauss's Law

E electric field, B magnetic flux density, D electric
D=x F D=cE displacement field, H magnetic field, J current density, p

electric charge density, ¢ electrical permittivity, L magnetic
B=x* H B=uH permeability
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Fluid dynamics

* The movement of the fluid is represented by a 1-form u(x,t). The integration of this 1-form
along acurveisthe circulation of the wind

fE u is the circulation of u along the curve E

* This form corresponds to a vector field #u which isused for the Lie derivative. Thefluidis

represented also by its density p and entropy per unit mass ¢. The dynamic of the fluid is

determined by the momentum, continuity and energy equations.

* |t ispossible to describe the time variation of the fluid in terms of Lie derivative instead of the
usual covariant derivative. For O-forms both derivatives are the same, but it is not the case for
1-forms. The advection of momentum by itself is

#u-Vu=L, u—dxk where k is the kinetic energy

* Lie derivative commutes with exterior derivative. This commutative property isinteresting for
describing vorticity properties of the fluid dynamics, also to derive the Ertel's Potential
Vorticity equation.
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Momentum equation

* The momentum equation of the fluid in an external gravitational field with diffusion and other

sourcesis (in Vector Calculus notation)

o u+u-Vu=—o-Vp—Vp—AAu+A,

where o is the specific volume, p(a,s) the pressure, ¢ the geopotential, A the diffusion constant

and A source terms. The advection term can be expressed in terms of Lie derivative and then

(0,+L, Ju—dk=—oad p—dp—AAu+A,

Continuity equation

* The continuity equation for massis (in Vector Calculus notation)

0,p+V-(pu)=0
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* These equation can be written in this form, where the Hodge operator is used
(6,+L,,)* p=0 where * p=p-dx'A...Adx"
* [tisequivaent to

0,p+6(pu)=0 where 6 =*d

Entropy and tracers equations

* Entropy is conserved if flow isadiabatic, if it is not adiabatic there is a source term related to
diabatic processes, like diffusion. The same scheme is used for any other magnitude, like water
vapour or ozone content per unit mass of air. There are two possible equations, one called
conservative form because |eads to conservative schemes in a more straightforward way. These

equations are (in Vector Calculus notation)
0, X+u-VX=A, 0,(pX)+V-(pXu)=pA,

where y is atracer or entropy and A source term.
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* These equations in exterior calculus nomenclature are

(at_I_L#u)X:AX
* And in conservative form, that is, using mass continuity equation
(0,+L,,)*(pX)=x*(pA,) where * (pX)=(pX)-dx'A...Adx"

Vorticity equation and potential vorticity

* The fact that Lie derivative commutes with exterior derivative and that exterior derivative
applied twice gives zero isimportant for deriving avorticity equation. Applying exterior
derivative to momentum equation

(6,+L,)du—d’k=—doard p—d’p—d(AAu+A,)

It is obtained the following vorticity equation for adiabatic flow, where there is a source term
for vorticity called solenoidal term, which is zero for barotropic flows

(0,+L, )du=—doaArdp
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* Potential vorticity per unit massis conserved following air parcel when the flow is adiabatic.

It is defined in 3 dimensional space as (here o | sspecific volume, s entropy, u wind)
PV=x-Vs-VXu 0, PV+u-V PV =0

e |n exterior calculus nomenclature

PV=x(x-dsrndu)

» Using the trace equation in conservative form and a property of Hodge operator

(0,+L,,)*(pX)=0 x(p PV )=+x(px-dsrndu)=dsAdu

follows that Potential Vorticity conservation for adiabatic flow is equivalent to
(0,+L, )(dsAndu)=0

* This equation is demonstrated easily, using the vorticity equation, the conservation of entropy
for adiabatic flow and the fact that pressure is function of entropy and specific volume

(0,+L, )(dsAndu)=(0,+L, )dsrhdu+dsAn(0,+L, )du=0"du—dsrdarnd p=0
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Shallow water eguations

* Moment and mass continuity equations are

(0,+L, )u=dk—d(¢p+,)

(0,+L,, )xp=0
* Because Lie derivative commute with exterior derivative, the vorticity conservation law is

derived immediately from momentum equation

d(6,+L,)u=(6,+L,,)du=d*k—d*(¢p+¢,)=0
» Enstrophy and total energy is also conserved, but more difficult to demonstrate.

* Momentum eguation can be expressed in terms of the usual vorticity and kinetic energy
advection terms

o,u+i, du+dk=—d(p+,)
Vorticity term Kinetic energy gradient Geopotential gradient term including bottom height
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* M ass continuity equation is also expressed in terms of divergence

0,p=—056(ud) Su=xd*u
Local variati oﬁ in height is minus the codifferential of wind isthe divergence of the
divergence of wind dot height wind vector field

* An second order differential equation for the wind is obtained applying the exterior derivative
to the continuity equation and the time derivative to the momentum equation

time derivative of momentum o,u+0,(i,, du+dk)=—0,d ¢

exterior derivative of continuity o,dp=—dés(ug)
* Reordering terms
o,u—dé(u¢p)=—0,(i,,du+dk)

» Same equation linearised around constant height and rest fluid

(0,—¢p,d5)u=0 Similar to wave equation
(0,—pyA)u=0
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Shallow water model

* A shallow water model has been developed using ICON prototype subroutines related to grid
generation, RBF scheme for wind reconstruction and test cases. Some of the operators are
similar to those in ICON, like vorticity, gradient, divergence and fluxes. The linear system is
completely different, based on momentum instead of geopotential, and implicit vorticity,
divergence and diffusion are treated in other way. The model is conservative in total vorticity
and mass.

* Including diffusion and Coriolis term, the model equations are

ou+i, (du+ f)+dk=—d(p+¢ )+AAu

az(l):_5(u¢)
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Time discretization

* Fully-implicit scheme obtained from iteration of semi-implicit

* Definitions at intermediate time level (similar for geopotential)

u=(1—c)u’+oxu® =1+’ —oxu”
e Semi-implicit system extrapolation
u" —u’ '
A—Z:—i#uﬁ(du‘xjtf)—dkﬁ—d(cp“ +¢)+AAU
$ ¢’ )
——5 4
P sy

Semi-implicit terms include vorticity advection, geopotential
gradient and diffusion terms. Thereis adifferent value for o/'>o

In the geopotential gradient term for stability reasons as seen
|ater.
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Time discretization, linear system

* Substituting from continuity equation into momentum
U+ (xAt) Au—(xax' At?)-Bu*=R
Au'=i, du"—AAu"
Bu“=d s (¢’ u)
R=u'—(axAt)(dk'+i,, f)—(xAt)d (' + )

* Operators A and B are linear, and the equation can be solved using alinear solver. Conjugate
Gradient Method is used in the model

» Back substitution in continuity equation provides geopotential

P =" —(xAt)5 (P u”)

29/50



Fully-implicit loop
* Fully-implicit scheme

(I)B, u” first values from
extrapolation

U H(xAt)-Au'—(xa' AfP)-Bu*=R  cdculationof AB and R and solve

linear system CGM
p'=o", u'=u"
next loop P =’ —(xAt)5 (P’ u”) back substitution to find
geopotential
P ~", u~u” if near end loop
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A comparison between fully-implicit and semi-implicit

* Comparison between fully-implicit and semi-implicit for test 6

High resolution spectral reference Fully implicit, 2 loops. It is stable Semi implicit, only 1 loop. To be stable
solution. Test 6, 10 days forecast, with 0=0.5. Test with optimized grid must be 0>0.5 Test with 0=0.7, time
geopotential level 7, time step 1200 s and no step 1200 s and no numerical diffusion

numerical diffusion




Spatial discretization

* It isdefined a primary and secondary or dual grid
 Each grid have points, edges and cells

* Any operator maps values from on grid to other

* A p-formisintegrated in a p-dimensional cell

primary faces, oriented hexagons or pentagons

primary edges, lines with orientation Y

primary vertex, centre of triangles

secondary faces, oriented triangles

secondary edges, lines with orientation

< m m < m M

secondary vertex, centre of hexagons
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Spatial discretization (11)

* A p-formisintegrated in a p-dimensional cell
* Discrete wind and geopotential are

_ f circulation of wind along a primary edge,
Ug=) _u o
E is adiscrete 1-form
% CI)F — f % Cl) geopotential integrated in a secondary
F face, isadiscrete 2-form Y

* For example, discrete vorticity isa 2-form

C — f d 1 vorticity integrated in aprimary face, isa
F F 2-form. Exterior derivative maps from 1

formsto 2 formsin this case
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Spatial discretization (111)

* Notation: adiscrete linear operator from one grid to other is

CG:(Ab)G:Z [Alss be:

G !/

Discrete field defined at grid G'

Discrete field defined at grid G isthe
result of operator A applied to b Matrix from grid G' to G

* The stencil of an operator is the number of non zero values at
each line of its matrix. In the shallow water model described

here the stencil is 15.

An edge and the 15 edges which forms the
stencil in the SW model
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Discrete exterior derivative (1)

* Discrete exterior derivative for 1-formsin primary gridis

(d f du faF”: Z UFEfEuZ Z Opp Ug

(3) EcoF (4) EcoF

(1) Definition of discrete 2 rank form (2) Stoke's Theorem (3) The boundary
of aprimary face is composed by primary edges plus asign due to relative
orientation (4) Discrete 1 rank form definition. It is atopological operator, no

Interpolations are needed at this point

* Discrete exterior derivative is a sparse matrix

Z Opg Up= Z FE Ug

EcOoF

0, 1 and -1 are the values that appear in this matrix and in any
discrete exterior derivative matrix
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Discrete exterior derivative (11)

* Discrete exterior derivative for 1-formsin secondary grid is

f da fa,: - Z UFEfEa: Z Ofrg dg

3) EeoF (4) EeoF

(1) Definition of discrete 2 rank form (2) Stoke's Theorem (3) The boundary of a
secondary face is composed by secondary edges plus asign due to relative
orientation (4) Discrete 1 rank form definition

* Discrete exterior derivative is a sparse matrix

Z Ofrg A= Z lee ace

Ee€oF
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Discrete exterior derivative (l11)

e Discrete exterior derivative of discrete O-forms

(dd))E:)fEdd):)faEd): Z O_Evafl): Z Tey by

(3) vesE (4) vesE
(1) Definition of discrete 1 rank form (2) Stoke's Theorem (3) The boundary of a

primary edge is composed by primary vertex plus asign dueto relative orientation
(4) Discrete 0 rank form definition

e Discrete exterior derivativeis

(dp)e= Z Ofgv (l)vEZ |d ey v

VeOE 1’4
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Hodge operators (I)

* The discrete Hodge operator for a O-form or function is the integrated value of this function
over aface. For the primary grid

(k) =[x =[ o~ o, [ 0=0,0

(3) (4)

(1) Definition of discrete 2 rank form (2) Continuous Hodge operator, use of volume formv
(3) Approximation of the integral, use of function value at one vertex (4) Definition of
discrete volume 2 rank form. Thisis ametric operator, interpolation and approximations are
used in the discrete formulation.

* Thisdiscrete version is diagonal, one value of the function is
used in each face

(* p)r=0F Cl)vEZ [*|ry Dy

1’4
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Hodge operators (I1)

* The discrete Hodge operator for a 1-form isrelated to the flux of avector field. Metricis
needed. In 2 dimensional grids it maps from primary edges to secondary edges

(*u)g = f,:—*u ~ ug (vglug)
(1) (2)

(1) Definition of discrete 1 rank form (2) Approximation to the flux when primary and

secondary grids are orthogonal with the use of length of the edgesv

* Thisdiscrete version is diagonal

(*u)e=(vg/vg) UEEZE: [ * lee ug

» Same discrete operator from secondary to primary edges
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Divergence term (1)

* The linear system to be solved has a second order in time term B related to divergence of

geopotential multiplied by wind

Bu“zdé(d)ﬁu‘x) U+ (xAt)Au*—(xa' At?)-Bu*=R

» Using the expression for the codifferential (divergence in this case)

Bu"=dxxdx(¢p"u")

* The discretization of this expression is a composition of linear operators (matrix
multiplication). The operators involved are the exterior derivative and Hodge

|Bleeug=|d ey * | eld]eel*]ce(d"u)e
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Divergence term (1)

* |In detall, the B matrix is the composition of the following linear operations

(" u")g

B Flux of geopotential at each secondary edge (triangle edge)
[ * (P u)e

Wind dot geopotential at each primary edge (needed geopotential interpolation)

[d ]FE [ * ]EE <d) u“)E Sum of fluxes at each triangle (related to averaged divergence)

E

lveld]
d |

_EV[*:VF

FE

[ X Divergence at triangle centre or primary vertex
ok ee( u’)e

d ],:E [ « ]EE( Bu(x)E Gradient of divergence at each primary edge

* Finally B matrix maps from primary edge to primary edge grid

[B]EEulo_-i:[d]EV[*]VF[d]FE[*]EE<¢ﬁu(X)E
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Divergence term (111)

* Because some stability problems there was tested this term with a non diagonal Hodge
operator. Test done so far indicates stability isimproved when increasing the order of the

Hodge operator in the divergence term.
In the modified Hodge operator

value at primal vertex (blue dot)
calculated from 4 secondary faces

[Bleput=[d]z| * |, pld]eel * e (b u),

values
Hodge operator from secondary facesto
primal vertex modified to obtain more
stable scheme I
;
* The modified Hodge operator is v
3 3 Fo ® Fs
() @ly =2 yi(@r/vp) where > y,=1
i=0 i=0 F,

* Diagonal Hodge operator
" Both diagonal and non diagonal discrete Hodge operator tends to the

[*(p]V:Z[*]VF (pF:(pFO/UFO . . . . .
I continuous operator when increasing spatial resolution
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Divergence term (1V)

* This non diagonal Hodge operator combined with a'>a. in the the geopotential gradient term

has great impact on stability, as seen in the tests performed for grid levels 7 and 8.

Diagonal Hodge operator for test 6, grid level 7 optimized, The same using non diagonal Hodge operator, «=0.5 and

time step 1200 seconds, a=0.5, a'=0.5, 2.5 days o'=0.8. Much more stability near equator

7
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Divergence term (V)

* Thevalue of o' has also impact in energy and enstrophy conservation.

Total energy for test 6, level 7 optimized grid, time Same test for enstrophy. Enstrophy increases a
step 1200 seconds, conserved up to 0.002% of little, as one expect due to vorticity noise.
initial value
-0,10
\ 1,00
\, 0.0 \, 0,05
-0,60 N\, 0,10 N\, 0,10
= N 0,15 S 0,15
= N\, 0,20 = \, 0,20

-1,10 ‘\\\\\\;:?~\~\\\\ 0,50
.1,60 \

-2,10 0,00
0 to 15 days 0 to 15 days

44/50



Vorticity and diffusion terms (1)

* The other term in the linear system isfirst order in time matrix A that includes vorticity
advection and wind diffusion

Au'=i, du*—aAu" (AL Au—(x At Bu“=R

* \Vorticity term is the composition of contraction and exterior derivative operators
I X
[ sdu® =i I,, eeld lee uEg

Contraction to find vorticity flux over primary
edge: RBF reconstruction to find the wind
perpendicular to edge is used. Vorticity is Exterior derivative to find

interpolated at edge vorticity at two primary faces
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Vorticity and diffusion terms (1)

e Diffusionislinear and its matrix is calculated from codifferential and exterior derivatives

[Au®|e=(ld]ev|6]vet+|6]erld |re) ue Contirzof:gf?zmor

Diffusion reduces vorticity noise, but total energy energy and enstrophy is not conserved. Results for test 6,

10 days forecast near equator, no diffusion above.

vV component Geopotential Vorticity
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Compressible fluid (1)

* In the case of atmospheric simulation the equations are, momentum equation (including
Coriolis, gravitational force, wind diffusion and source terms from physics) and mass and

thermodynamic equations

ou+i, (du+ f)+dk=—adp—-dp+AAu+A,

o,p+ S(up)=0 uiswind, f Coriolis vorticity, k kinetic energy, o specific volume, p
pressure, ¢ geopotential, A diffusion coefficient, p mass per volume unit, s

0,5+6(us)=A, entropy per volume unit, and A source terms
* Equivalent to

(0,+L, )u=dk—ad p—dp+AAu+A,

(0,+L,,)*p=0

(8,+L,,)%(ps)=% A,
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Compressible fluid (I1)

* Again, applying the exterior derivative to momentum equation, and because Lie derivative

commute with exterior derivative

odu+di, (du+fl)=—dard p—d(AAu+A))

* For adiabatic flow, the vorticity equation

du+di, (du+ f)=—d oard __

0, w(dutf) p o, duto=—] _ dandp
Local time derivative of Advection of vorticity including  Solenoidal term, is zero for barotropic
vorticity rotation fluid

* Theoretically it is possible to construct a discrete scheme which verifies a vorticity equation
like this. Also conservative in mass and entropy.
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Conclusions

* Exterior Calculusis an interesting mathematical tool to fluid dynamics, specially in
conservative properties, topological and vorticity aspects.

* A shallow water model on the sphere in an icosahedral grid has been developed using
|CON grid generation, operators and test. It has different linear system and different
implicit treatment of vorticity and diffusion terms.

* The schemes proposed shows that a non diagonal Hodge operator in the gravity wave
term as great impact on stability in this model.

* Finally some ideas about compressible fluids, in particular to find schemes conservative

INn mass, entropy and vorticity.
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